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In number theory, many important problems require a good understanding of the arith-
metic properties of prime numbers. Let p be a fixed prime. It is then possible to define a
metric on the rational numbers by looking at the divisibility of the numerator and denomina-
tor of a rational number by p. This metric is called the p-adic metric. Continuous functions
behave very differently with this metric compared to the euclidean metric. For example, the
p-adic logarithm factors into an infinite product of polynomials, which is not the case for the

standard logarithm.

In this paper, many properties of p-adic functions will be studied. In particular, the fac-
torization of the p-adic logarithm makes it possible to define new p-adic functions that can
be used to solve problems in Iwasawa theory. Our main result gives a new description of
Pollack’s plus and minus p-adic logarithms in terms of distributions. We then generalize our

results to p-adic logarithms in two variables.
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1 Introduction

The goal of this section is to introduce background knowledge required for the rest of the

document. We follow closely the structure of Koblitz [IJ.

1.1 p-adic numbers
For completeness, we state the familiar definition of a norm on a field.

Definition 1.1.1. A norm on a field F'is a map ||-|| from F to the non-negative real numbers
such that for all x,y € F

1. ||z|]| = 0 if and only if z = 0,
2. Nlzyll = [l lyll,

3 Mz +yll < llzll + llyll-

Proposition 1.1.1. ||-|| is a continuous function.
Proof. Let € > 0. By the reverse triangle inequality, | ||z|| — ||y||| < [Jz —y||. Hence, it
suffices to take 6 = . So we have ||z —y|| <0 = |||z]| — ||y|| | < e. O

To analyse convergence of sequences in a set, we need the notion of distance between

elements of the set.

Definition 1.1.2. If X is a nonempty set, a distance, or metric, on X is a function d from

pairs of elements (z,y) of X to the nonnegative real numbers such that
1. d(z,y) = 0 if and only if x =y,
2. d(z,y) = d(y,z),
3. d(z,y) < d(x,z)+d(z,y) for all z € X.

It is easy to check that a norm |[|-|| induces a metric by letting d(x,y) = ||z — y||. In real
analysis, the metric is induced by the absolute value on Q. It is possible to define another

norm on Q to get a different metric.

Definition 1.1.3 (Koblitz). Let p be a fixed prime number. For any non-zero integer a, let
the p-adic valuation of a, denoted v,(a), be the highest power of p which divides q, i.e., the
greatest m such that a« = 0 mod p™. By convention, let v,(0) = co. Further extend the

definition of v, on rational numbers by letting v,(a/b) = v,(a) — v,(b).

Proposition 1.1.2. v, behave a little like the logarithm would: v,(ab) = v,(a) + v,(b).
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Proof. Write a = p’r where p { r and b = p“s where p { s. Then, v,(ab) = v,(p"T"rs) =
v+ u = v,(a) + v,(b). O

Note that v, is well defined for x = a/b € Q. If we take a different representative for z,
let’s say x = ac/bc, we get v,(ac/bc) = vy(a) + vy(c) — vy(b) — vy(c) = vy(a/b).

Definition 1.1.4. Define a map | |, on Q as follows:

L~ ifz #0,

pvp(?c)

|z], =
"o if 2 = 0.

Proposition 1.1.3. | |, is a norm on Q.

Proof. Since zﬁ # 0 for all z # 0, we have |z|, = 0 if and only if + = 0. For the
second property of norms, let z,y € Q. By using the previous proposition we obtain
lzyl, = p~r@) = pmr@—uw®) = p=@p=v®) = |z| |y|,. For the triangular inequality, the
result is trivial if x = 0, y = 0 or z+y = 0, so we assume that z, y and z+y are all non-zero.
Let z = a/b and y = ¢/d be written in lowest terms. Then v,(z + y) = v,((ad + bc) /bd) =
vp(ad + be) — v,(bd). Because the highest power of p dividing the sum of two number is at
least the minimum of the highest power dividing the first and the highest power dividing the

second, we have

vp(@ +y) 2 min(vy(ad), vy(be)) — vp(b) — vp(d)
= min(vp(a) + vy(d), vp(b) + vp(c)) — vp(b) — vp(d)
= min(vy(a) — vy(b), vp(c) — vp(d))
= min(v,(z), v,(y))
This implies v,(z 4+ y) > v,(2) 4+ v,(y) which in turn implies |z + y|, < |z], + |ylp- O

We have in fact proven a much stronger inequality, |z +y|, < max(|x|,, |y|,) with equality
if |z|, # |y|,- Norms with this property are called non-archimedean norms in contrast with
archimedean norms like the absolute value. Non-archimedean norms induce non-archemidean
metrics, that is, metrics with the property that d(x,y) < max(d(z, z),d(z,y)). To construct
the real numbers from @Q, we consider the completion of Q with respect to the metric
d(xz,y) = |r —y|. We now fix a prime number p. We can complete Q with the metric
induced by | |, to get a field with different properties than R. Let S be the set of Cauchy
sequences with respect to | |,. That is, for {a;} € S, given an ¢ > 0, there exist an N such
that |a; — a;|, < € if both j,i > N. We say that two Cauchy sequences {a;} and {b;} are
equivalent if |a; — b;[, — 0 as ¢ — oo. We define the set of p-adic numbers Q,, to be the

set of equivalence classes of Cauchy sequences. We identify Q with the subset of constant



Cauchy sequences in Q,,.

We say that a set X equipped with a metric is complete if every Cauchy sequence in X

converge in X.

Definition 1.1.5. We define the norm | |, of an equivalence class a € Q,, to be lim;_, |a;/,

where {a;} is any representative of a.
Proposition 1.1.4. The limit |a|, exists and does not depend on the choice of representative.

Proof. If a = 0, the constant Cauchy sequence whose all terms are zero, then by definition
of a norm |a|, = 0. Suppose a # 0. Because a is Cauchy and | |, on Q is a continuous

function, |a;|, forms a Cauchy sequence in R. This limit exists by the completeness of R. If
{CLZ‘} ~ {bz}, then
|ailp = ai = bi + bilp < lai = bilp + [bil,

and the same way,
bilp < la; = bilp + [ail,,

hence, hmz_mo |az’|p = 111’111_)00 |b1’p ]

Definition 1.1.6. Let a and b be two equivalence classes of Cauchy sequences. We choose
any representatives {a;} € a and {b;} € b and define

o a+b={a;+b;}.
o ab= {albl}
Proposition 1.1.5. Addition and multiplication on equivalence classes are well defined.

Proof. Let {a;} ~ {a;} and {b;} ~ {0} be two representatives of a and b respectively. For

the multiplication, we have

|laib; — a;bi|, = |az(b; — b;) + bi(a; — aq)l,
< max (|a;(b; — bi)lp, |bs(a; — as)lp) -

As i — o0, the first expression approaches |al|, lim |0} — b;|, = 0, and the second expression

approaches |b|, lim |a; — a;|, = 0. Hence {a/b;} ~ {a;b;}. For addition, we have
(@i 4+ b;) — (@i + b)lp < max (|a; — ailp, [b; — bil,) -

As i — 00, both expression approaches 0. Hence {a} + b/} ~ {a; + b;}. O



We also define additive inverse and multiplicative inverse in the obvious way. Though a
bit tedious, it can be shown that Q, is a field with these operations and that Q, is a complete

metric space. Interested readers may refer to Koblitz for more details on this subject.

Like a real number can be viewed as a decimal expansion, an element of Q, can be written

as a p-adic expansion in this way:

Theorem 1.1.1. Let a € Q,, then a can be expressed in the form a = a_,,p™"+a_,11p” "+
o4 ag + arp + agp* + - -+ where a; € {0,1,...,p— 1},

In other words, a can be written as an infinite expansion in base p with only finitely
many negative power of p. The a; are called the digits of a. We accept this result without
demonstration. It is more useful to think of Q, this way because it gives us a more concrete
sense of elements in Q,. With this notation, the valuation of @ € Q, is given by the
power of p corresponding to the first nonzero digit of a. For example, the valuation of
4-53+1-52+2-5"4+ -+ in Qs is 3. We write a =b mod p" if |a — b, < p™. If a and b

are in Z, then this definition agrees with the usual definition of modulo.

Definition 1.1.7. We denote Z, = {a € Q, : |a|], < 1} and we call Z, the set of p-adic

mtegers.

Z,, consists of all the p-adic numbers whose p-adic expansion only contains positive power

of p. The p-adic integers form a subring of Q,.
Proposition 1.1.6. Z, is sequentially compact, hence compact.
Proof. See [2][lemma 4]. O

We shall sometime need to consider a bigger field than Q,, the algebraic closure of Q,, the
field Q_p. The only thing for us to know about Q_p is that it contains all roots of polynomials
with coefficients in Q,. We extend the definition of v, on Q,, by letting v,(z) = ming, .(0)"/?
where ming, . is the minimal polynomial of z over Q, and d is the degree of that polynomial.

Q_p is not complete. We denote C,, the completion of Q_p. It is a complete, algebraically closed
field.

1.2 p-adic continuous functions

In analysis, one often uses the concept of a ball centred at a of radius n. In Q,, a ball centred
at a of radius n is of the form a+p"Z, = {z € Q, : |vr —al, < p~"}. Interestingly, this set is
both open and closed at the same time. Let b € a+p"Z, where the nth digit of b is b,,. Then,
b is included in the smaller ball a + b, + p"™'Z, and we have a + b, + p""'Z, C a + p"Z,.



This shows that a + p"Z, is an open set. The complement of a + p"Z, is the union over all
a’ € Q, such that o’ ¢ a + p"Z, of the open sets a’ + p"Z,. Thus, a + p"Z, is also a closed
set. Those balls form a basis of open sets, meaning that every open subset of Q,, is an union
of open subsets of this type.

The rest of this section and the next one are important results from [3].

Definition 1.2.1. Let C°(Z,, Q,) be the space of continuous functions on Z, with values in
Qp. The valuation of this space is veo(f) = infaez, (v, (f(2))).

C® endowed with this valuation has the structure of a normed complete metric space. A
function f on Z, is continuous if f(z) — f(y) is divisible by a high power of p (f(x) and f(y)
are p-adically close), then x — y is also divisible by a high power of p.

For x € Z,, we define the binomial function

<x) 1 if n =0,
n m(m—l)nT-L(!x—n—H) if n Z 1.

We now state a result due to Mahler that characterize continuous functions on Z,,.

Theorem 1.2.1 (Mahler). f € C%(Z,,Q,) if and only if

1. forall z € Z,, f(z)=>,", cm(f)(ﬁ),
2. limy, o0 vp(an(f)) = oo,

where a,(f) are the Mahler coefficients given by a,(f) = Y1 ,(=1)'(?) f(n — ).

]

Proof. The proof of the theorem can be found in [3] page 8. [

Definition 1.2.2. For z € Q, such that v,(z — 1) > 0 we define 2" = Y>" / (¥)(z — 1)

n=0 \n

By Mahler’s theorem, 2” € C°(Z,, Q,) and by properties of binomial coefficients, 2**¥ =

T

2% Y.

Definition 1.2.3. Let X and Y be two metric spaces. A map f : X — Y is called locally
constant if every point € X is included in a ball U such that f(U) is a single element of
Y.

It is immediate that locally constant functions are continuous. We shall see that these

special type of functions play the same role as step functions in p-adic integration.



Definition 1.2.4. For n > 0, let the characteristic function of a + p"Z, be

Xa+p"z, * Lp — 10,1}
0 ifzd¢a+p'Z,
1 ifx ca+p"Z,.

T

Proposition 1.2.1. Let f : Z, — Q, be a locally constant function. Then, f is a finite

Q,-linear combination of characteristic functions.

Proof. Let x € Z,. Then, because f is locally constant, there exist a neighbourhood a+p"Z,
of x such that for all y € a + p"Z,, f(y) = 1-¢ = Xa+prz,(y) - ¢ where ¢ € Q,. Now, let’s
consider the open covering {V;} = a; + p™Z, where, for all z; € Z,, V; is a neighbourhood
of x; where f is locally constant. Since Z,, is compact, there is only a finite number of such
neighbourhood, let’s say {V;})_,. Hence, f(x) = cixv; (2) + caxry () + - - 4+ enxvy (@) with
c1,C2,...,cN € Q. n

1.3 Locally analytic functions on Z,

Just like in the real case, the p-adic derivative is defined to be the limit of the quotient

f(erh})l*f(x) as |hl, — 0. For o € C, and r € R, we define

D(xg,7) ={x € C, : vy(x — x9) > r}.

Definition 1.3.1. A function f : D(zg,7) — C, is analytic if it can be expressed as a Taylor

expansion at xy. In other words,

%) (0
flay =S L) e

"0 n.

for x € D(xo, 7).
We denote LA(Z,, Q,) the set of locally analytic functions on Z,.

Remark. Analytic functions are infinitely differentiable, and so, continuous. This implies
the inclusion LA C C°.

1.4 p-adic distributions and the Amice transform

Definition 1.4.1. A distribution p on Z, with values in Q,, is a continuous Q,-linear map
f— fzp fu from LA(Z,,Q,) to Q,. We denote the set of distributions from LA to Q, by

D(Zy, Qp).



In other words, a distribution is an element of the dual space of LA(Z,, Q,).
Definition 1.4.2. Let Q,[77] be the set of formal power series with coefficients in Q,,.

Definition 1.4.3. The Amice transform of a distribution p is the function:

AL(T) = itf [ ()e= [ asrm

P

x
n

The second equality comes from the fact that if v,(7") > 0, then ) 2 T" (i) converges to

Since (i) is just a polynomial, (fl) is clearly analytic and so fzp ( ) w1 is well defined.

(1 +T)*. We can see that the Amice transform maps a distribution p to an element of

Q,[T]. The converse is also true for convergent power series on the unit disc.

Theorem 1.4.1. The map pu — A, is an isomorphism of complete metric spaces from
D(Z,,Q,) to convergent series on the unit circle in Q,[7] under the appropriate valuation

for each spaces.

We will give a sketch of the proof. Giving the complete proof would require definning
valuations on both spaces and showing that A, is continuous wich is a bit tedious. The
details can be found in [3]. However, we will show how one can go from D to Q,[7] and
from Qu[T] to D. Let u € D(Z,,Qp). Then, the associated power series is given by
F(T) = >3 b (p)T™ where by,(p) = fzp (*)u. On the converse, let F(T) = Y7 b, T"
such that F(T') converges on the unit circle. Then, for f € LA welet p: f— > 07 buan(f).
It can be shown that >~ b,a,(f) is indeed convergent and that p € D.

Proposition 1.4.1. The space of locally constant function is dense in LA(Z,, Q,).

Proof. Let f € LA(Z,,Q,) and write f, = ?lal (7)Xj+pz,- 1t is clear that f, — fin C°
and particularly in LA. m

Hence, for f € LA(Z,,Q,), fzp fu is given by the following "Riemann sums”

s

pt—1

From this result, it follows that a distribution p is uniquely determined by its values at

characteristic functions.



1.5 Cyclotomic polynomials and roots of unity

For this section, we use Z/n to denote the set of integers modulo n.

Most of this section except theorem comes from [4].

Definition 1.5.1. An nth root of unity is a solution to the polynomial equation z™ —1 = 0.

We denote p,, the set of nth roots of unity.

By the fundamental theorem of algebra, the cardinality of p, is exactly n in characteristic
0.

Proposition 1.5.1. The set u, together with usual multiplication forms an abelian group.

Proof. Let z1,29 € puy. (2120)" — 1 = 228 — 1 = 0 implies that 2129 € p, and that (p,,-)
is closed. 1 € p, is the identity. If z is a root of unity with order k, then 2"~* is the

multiplicative inverse of z. ]

Definition 1.5.2. For a positive integer n, if z* = 1 and 2! # 1 for all positive integers

t < n, we say that z is a primitive nth root of unity.
Proposition 1.5.2. In addition, u, is also a cyclic group.

Proof. Let z be a primitive nth root of unity. This means that z as order n in the group p,.

Hence, (z) is a group of order n inside y,. Thus, (z) = u, and pu, is cyclic. O

Since p, is cyclic of order n, it is isomorphic to Z/n, the integers modulo n.

We now define polynomials whose roots are the primitive nth roots of unity.

Definition 1.5.3. For any positive integer n the nth cyclotomic polynomial, ¢, (x), is given
by
On(@) = (= Q)@ —G) - (2 = G),

where (i, (s, ..., (s are the primitive nth roots of unity.

Theorem 1.5.1. Let n be a positive integer, then

at—1= Hgbd(x)

d|n

Proof. This proof comes from [4][Theorem 3.9]. Suppose that ¢ is a root of ¢q4(x), where d|n.
It follows that ( is a dth root of unity. Let ¢ be the integer such that n = dg, then

("= (¢ =10=1,

9



It follows that ( is a root of 2™ — 1. Now suppose that ( is a root of ™ — 1. It follows that ¢
is an nth root unity. Say that the order of ( is d, and note that ¢ will be a primitive dth root
of unity. Therefore, ¢ is a root of ¢4(z). Since g forms a subgroup of p, because d < n, it
follows that d|n by Lagrange theorem. So ( is a root of ®4(z) for some d that divides n. We
have shown that 2" — 1 and [, ¢a(x) share all their roots. Since [],, da(z) is a product
of monic polynomials, it will also be monic. Hence, ™ — 1 and [] dn ¢4(x) are both monic,
which means that they must be equal. O

n—1

Corollary 1.5.1. The p"th cyclotomic polynomial is given by ¢ (x) = 2@ D" g e=2p""" ¢
cee 2P 1

Proof. We use the previous theorem twice to get

-1 = H ¢a(x)

dpn
= (@) ][ ale)
dlpn—t
= Gpn(@)(@” "~ 1)
Dividing both sides by (z*""" — 1) gives ¢pn(x) = xf:i—fil = =P g =2 g
"+ 1 O

Remark. This also shows that the degree of ¢ n(z) is (p — 1)p™ .
The next theorem will be of importance later on.

Theorem 1.5.2. Let us write ®,,(z) for ¢,»(x) to abbreviate the notation. Let n > 1, m >0
be integers and let ¥ (m) = 327 p* m/p'| mod p>+D, then

n pr—1
[[®2z) = > ot
7j=1 m=0
with AF(m) all distinct.
Proof. To appear in [5]. O

To give an idea, here is an example for the case p =3 and n = 5.

2 2
H P (.Q?) = lel:() 320+1 m/ 3t mod 32041
25 g
i=1 —~
321
= E Blm] mod 32433|m/3] mod 3*
m=0

=1+2% + 2%+ 2% + 2% + 2% 4+ 27 + 277 + 2%

10



Like mentioned above, the power of = are all integers whose expansion in base 3 contains
only odd power of 3.

Here is the analogous result for the product of odd prime power cyclotomic polynomials.
Again, we write @, (z) for ¢, (z).

Theorem 1.5.3. Let n be an integer greater than 0 and let A\ (m) = 1= p?|m/p]
mod p?*!, then

n p"—1
H(I)Qj—l(x) = Z g )
j=1 m=0
Proof. Similar to the case of even prime power cyclotomic polynomials. n

1.6 The characteristic function as a sum of roots

Definition 1.6.1. Let ¢ € u,» be a p"th root of unity. We define the function ¢* : Z,, — Q_p

given by z + (*. There are p" such function for a given n > 1.

The function ¢* is locally constant mod p" ie. (**P") = (* as shown by the next

proposition.
Proposition 1.6.1. If x € p"Z,, then (* = 1.

Proof. Suppose x € p"Z,. Then, x can be written as = a,p" + a,41p" " +---. Now,

¢* = Canp”+an+1p”+1+---

= (Cp”)an(gp"“)anﬂ .
=1

because the multiplicative order of ( is less or equal to p™. O]
Proposition 1.6.2. ¢* : (Z,,+) — (Q_px, -) is a group homomorphism.

Proof. Let z,y € Z,, we have ((**%) = (=(Y. H
Corollary 1.6.1. We have the injection (* : ZVp"Zp — Q_px.

Proof. This follow from the fact that ker (* = p"Z,. O
Lemma 1.6.1. Zzypnzp = Z/an as additive groups.

Proof. A straightforward application of the first isomorphism theorem gives the result. [

So we can see the function (* as an injection from the integers modulo p™ to the p"th

roots of unity. Surjectivity depends on whether or not ( is a primitive p"th root.
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Proposition 1.6.3. For n > 1, the characteristic function of a+p"Z, is given by the formula
1 r—a
Xatpz, () = o Z G
p Ceup"

Proof. If x € p"Z,, then )

fpn, We have that

¢* =p" It © ¢ p"Z,, then by choosing (,, a generator of

ZEUpn

PR GER E R () LR (G
CEU;{”
=1+G+ G+ -+ (G
1=
¢
=0
We can use the formula for geometric sums because (,, is primitive, thus (¥ # 1. Hence,
Zceupn ¢*~* will be equal to p" if z € a + p"Z, and equal to 0 if not. O

2 Pollack’s plus and minus logarithm log;t

In this section we will give the definition and some properties of the plus and minus logarithms
defined by Pollack in [6].

2.1 Definitions

Like in theorem let ®,,(T) = 7, TP" 't be the p"th cyclotomic polynomial. We also

write (, for a primitive p"th root of unity.

Definition 2.1.1. The p-adic logarithm is defined by the following formula

log,(14+1T) = ﬁ q)k;T).
k=1

It is also possible to define the p-adic logarithm in the more standard way log,(1 +17') =
S W Both are equivalent.

n=1
Definition 2.1.2. We say that v is a topological generator of a group G if the closure of
(7y) is dense in G.

Definition 2.1.3. For any integer j and v a topological generator of 1 + pZ,, we define

17 @2 (v7(14 1))
logh (T) := ~ ,
g, (T) pn|:|l )
_ 1 vp Pon 1 (77(141T))
logp’j(T) = — | | )
P p

12



Lemma 2.1.1. log’(T') and log, ;(T') converge and define power series in Q,[T] which are

convergent on the open unit disc.

Proof. We prove convergence for the first product, the proof for the second is similar. To

see that the product converges, it suffices to see that

©3n (V71 +T))
p

—1 asn— oo.

Let fo(T) = (1/p)®2,(yv7(1 4+ T)) — 1. We must show that f,, — 0 as n — oo. We have for
k < 2n,

i.c _Po(G) 1 — el I
falY G —1) = ) 1—p<;§k ) 1—p(p) 1=0.

2n—1

So if w,; = (YI(1+T))P
deg(wy ;) = p* 1 < (p—1)p* ' = deg(f,). Because vy € 1+ pZ,, it follows that 77 is also
in 1+ pZ,, let’s say v =1+ p-a where a € Z,. We can now apply the binomial theorem

— 1, then w, ;| f, because w, ; shares its roots with f,, and

to get

wn i (T) = ((1 +p- a)pz"*) ((1 + T)pQ"*) 1

and deduce that each term has a valuation of at least 2n. Hence, v,(w,, ;) — 0o when n — oo.

This imply that w, ; — 0 and our original product converges. O

Corollary 2.1.1. The power series
k—2
log () := [ log?,(1).
j=0

k—2
log,, (T) := [ [ log, ,(T),
j=0

in Q,[77] are convergent on the open unit disc.
Proof. This follows from lemma [2.1.1] O

Those functions were given that name because we have the relation

k—2 lo —J
log; (T)log, (T) = 11 = (il’_(]j(l 5_17:") iz}i)

13



2.2 Interpolation formulae

To simplify, we will work in the case k£ = 2. We have logp( ) =1 HOO <I>2n(1+T) and

log, (T) = + HOO M Pollack found the following interpolation property of logp :

Lemma 2.2.1. In the case where k = 2, logpi take special values at (, —1. These values are
0 2|n,

—(n+1)/2 TT(n-1)/2 b 2
p [T @(Gn) 21,

p /A Hn/2 Do 1(Cn)  2[m,
0 21 n.

10g;<Cn - 1) =

log; (Cn - 1) =

Proof. For m > n,

m—1

q)m(cn) =1+ (Cn)p et ((n)pm_l(p_l) =P

Hence the terms in the tail-end of the product describing log?f are all 1, and the beginning

of the product is what appears in the above formula. O

Remark. If we have a primitive p*th roots of unity where k& < n, then

(k—1)/2 (n=1)/2

—(k+1)/ H (1)2_7 Ck —(n+1)/ H (I)2j Ck

This is because, as stated above, every term with index greater than (k — 1)/2 is p and
does not change the product as it gets cancelled by the added factor of p~+1)/2 A similar

argument also works for the formula interpolating log, .

3 log]jIE and the Amice transform

Proofs of this section won’t be given as they will appear in a article to be published [5].

3.1 Main result

We have just seen that log;t are power series on the open unit disc, though defined as prod-
ucts, and we have also seen that for each power series in Q,[7"], there is an associated
distribution in D(Z,, Q,). Here, we will give explicit formulae for the distributions associ-

ated to log; and log,, .
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Definition 3.1.1. For a distribution p € D(Z,,Q,), we let u(a + p"Z,) = fa+pnzp:“ =
fzp Xa-+p~2Z, (T) ().

We now recall the definition of the Amice transform.

Definition 3.1.2. The Amice transform of a distribution y is defined to be
AT = [ (4T uta).
Zp

Definition 3.1.3. Let p be the distribution associated to log; and p_ be the distribution

associated to log,, .

Lemma 3.1.1. For ¢ € pipn, log]:pIE can be expressed in terms of an integral

(“ps(z) = log, (¢ — 1),
ZP
Proof. First remark that because u, is the distribution associated to log;r, we have that
A, (T) =log/ (T). Furthermore, A,, (( —1) = fzp Cuy (). O

We can now give fairly explicit formulae describing the values that u. takes on charac-
teristic functions. For p, the case where n is odd is natural, while the case n even requires
some adjustment. The same goes for u_ where the role of n is inversed. In order to better
understand where the results come from, the reader may find it useful to first assume that

n is odd when looking at results about log; . In doing so, floor functions can be ignored.

Proposition 3.1.1. The distribution p, is given by

[n/2]
/ oy () = HL(3n+2)/2] Z ¢ H ®s5(¢
atp"Zy CEpn
and the distribution p_ is given by
[(n+1)/2]
/ p-(w) = 3n+1)/2J+1 Z ¢ H Paj-1(
a+p"Zy CEppn

The product on the right hand side is still a bit complex so we would want to find a more
simple expression for [] ®,;(z) and [] ®2;—1(z) in the form Y a,z". We use theorem [1.5.2]
to do so. Because we have floor functions in our summation bounds, the A are given by

n—2)/2 n—1)/2
Ai;l/2 (m) = ILLO )/ Jp2l+1 Im/p'| mod p?*+V) and )\ - /2J( m) = lL(O )/2] 2| m/p'
mod p2+1,

15



Corollary 3.1.1.

. pln/2l

_ Xy (m)—a

/ Kt = plGnr2)/2] Z Z ¢ ’
a+pn Zp ’H’L:O Celu'pn

pln+1)/2) _q

1 AT (m)—a
/ e DD DR R
a+p™Zy p

m=0 Cell/p"

We now define two subsets of Z,, that will allow us to express p4 in terms of those sets.
Let

S :={a € Z, : even powers of p vanish in the expansion of a modulo p"};

S, :={a € Z, : odd powers of p vanish in the expansion of a modulo p"}.

Theorem 3.1.2. The values of u. are given by

pi L(n+2)/2J lf a e S’;”
/ Kt =
a+pnZy,

0 otherwise,

/ p L2 if g € ST
IU/* —=

a+p"Zy 0 otherwise.

3.2 Generalization for two-variable logarithms

In this section, we apply our result on one-variable logarithms to two-variable logarithms
such as those defined by Loeffler in [7].

Definition 3.2.1. For *x,0 € {4+, —}, we define four new two-variable logarithms by using
IOg;r and log,,:
log,° (T3, T3) = log,(17) - log (1>).

Definition 3.2.2. We define a = (a,b) and n = (n,m). We write a+ p"Z, for (a+p"Z,, b+

p"Zy) in Z2. Let Xaipnz, be the characteristic function of (a + p"Z,, b+ p™Z,) on Z2.
Xa+pnzp : Z; — {07 1}

1 ifxca+p'Z,and y € b+ p"Z,,

(z,y) = ,
0 otherwise.

Proposition 3.2.1. For n,m > 1, the characteristic function y is given by

oo, o) = o | S | YD ¢

CEUpn CEppm
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Proof. The RHS will be nonzero only if both x € a+p"Z, and y € b+ p™Z,. In this case, by

the same argument as in 1 dimension, the product of the two sums will be equal to p"*™. [

Definition 3.2.3. For u € D(ZI%, Q,), we define the two-dimensional Amice transform by

the formula

AT T = [ T+ Ty

2
ZP

Remark. As shown by Kim in [§], not all distribution on ZIZ) can be expressed as power series.
The following condition must holds : For any F(T1,T3) = >, i~ b TiTY, |bislp < O(m)
for i < p”and j < p*. Since pi, o, *,0 € {+,—}, is in DY/2V/2(Z2 Q,), the condition is
satisfied. Kim’s construction also shows that p is completely determined by its values on

characteristic functions.

Just like in the one-dimensional case, the two-dimensional Amice transform gives a cor-
respondence between convergent power series in Q,[71, 73] and distributions in D(ZZ, Q)

as long as the condition stated by Kim holds.
Corollary 3.2.1. It is immediate from the definition that log}*(Ca—1, (m—1) = [,z CECY a0 (2, y).
p

Theorem 3.2.1. The problem of finding values of p..(x,y) can be reduced to the one-

/ (T y) = / 1 () / 110 (y)-
atpiZp a+pnZy b+p™Zy

b4p™m Zy

dimensional case:

Using results already proven for the one-dimensional case, we deduce the next corollary.

Corollary 3.2.2. The values of j, , are given by

pLOFD2=Um2)/2]if o € Stand b € ST,
f (T, y) =

a+p"Z 3
ez 0 otherwise,

p~ L2210 43)/2] i ¢ € Standbe S,,,

iy, = (@y) = ,

btpZ 0 otherwise,
p 2D it g € S-and b € S

/lﬂ?”z N’—,-ﬁ-(lj?y) = .

bz 0 otherwise,
L9293 i g € S-and b€ S

bz 0 otherwise.

Proof. This follows directly from theorem [3.1.2] O
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